Abstract. When a wave function is represented as a linear combination over an overfull set of elementary states, an ambiguity arises since such a representation is not unique. We introduce a variational principle which eliminates this ambiguity, and results in an expansion which provides the best" representation to a given Schr odinger operator.
of some known potentials. The density of the set means that any normalized wave function x can be approximated with a superposition of wave functions 'x; k. Consider a formal expansion of a wave function over the set : x = X k ak'x; k; 1 where P k is a summation over all the labels k integration over continuous and summation over discrete values. Expression 1 is formal, and its coe cients, ak, are not de ned. The rules of computation of ak are the central point in question.
In this letter, we develop a formal method which eliminates the ambiguity of the expansion 1. The main features of our approach are i We put the question of the expansion over the set in connection with the Schr odinger operator under consideration an accurate formulation will be given below.
ii We seek such an expansion of the form 1, for which the Schr odinger operator acts most similarly to an operator of multiplication with a function. In other words, we are going to nd an expansion for which the algebra associated with the Schr odinger operator has the simplest explicit representation.
Below, we cast these intuitive features into the form of a variational problem. It turns out that a formal solution to this problem results in a unique choice of expansion extremal expansion, with explicit rules of computations for its coe cients ak. We nish the letter with an example of computations. Preliminary discussion. Denote as H = , + U the Schr odinger operator with the potential U of interest. The action of H on the formal expansion 1 may be written as H x = P k akhx; k'x; k. The functions hx; k are de ned by the action of H on the elementary states 'x; k, i.e. H ' x; k = hx; k'x; k. Denote as hx; k the operator of multiplication with the function hx; k. Generally speaking, the action of powers of H on the function 'x; k is not identical to the action of powers of the operator hx; k. Indeed, H 2 'x; k = Hhx; k'x; k 6 = h 2 x; k'x; k. Thus Notice that our de nition of the algebra Alg h is essentially based on the formal expansion 1. Loosely speaking, Alg H and Alg h di er by the commutator 2.
After this preliminary consideration, we are able to formulate the problem of an extremal expansion. An expansion of the form 1 will be called extremal, if it gives a minimum to a di erence from zero of the commutator 2, where the minimum is understood in some suitable sense. Speci cally, w e de ne the extremal expansion as a solution to the following variational problem:
Here k k is the L 2 -norm. The coe cients of the extremal expansions will be labeled with an asterisk: a k.
Remark ii. Let us discuss the sense of the problem 3. In a general situation, a formal solution to the variational problem 3 exists and is unique.
This solution should give us the desired rules for computation of the coe cients a k. Now we will derive an explicit form of these rules. Thus, eq. 9 gives a share" of the bound state ' 0 in the net" state for the potential U. The example considered is easily extended to an arbitrary nite number of bound states, and the construction of the extremal expansion amounts to nding a minimum of a nite-dimensional quadratic form. We will close this letter with a number of comments.
i We h a ve demonstrated that the overfull sets can be operated largely in the same spirit as conventional full sets of elementary states. The key point is the variational principle 3, or its weaker version the diagonal approximation. Otherwise stated, this is the request to simplify the representation of the algebra of a given Schr odinger operator. With this, we h a ve done the rst and necessarily formal step into the program of constructing an analog of operational calculus with the overfull sets.
ii One of the advantages brought about by the extremal expansion is the trace formulae of Here the " means that for the extremal expansion, the algebra of the operator H is most close to the algebra of its symbol 1 , 2 . Techniques of inversion of the operators Q and K ,1 can be borrowed from the so-called parametric expansions 1 -3 .
iii A natural eld of application of the suggested formalism seems to be studies of bound states in complex potentials, where the approach makes it possible to use several bases of solvable problems simultaneously. A description of neutral K-mesons might serve as an example. There, the overfull set appears as the junction of the states of K 0 and K 0 mesons with the decay states. It can be demonstrated 4 that the minimum principle 3 reduces to the minimum of the norm of the commutator of the weak and strong interaction Hamiltonians, and to compute the e ective amplitudes of the K 0 and K 0 states. Details of the analysis will be reported separately 4 . ***
